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Introduction 
Engel curves explain the change of expenditure for different goods as a function of 
income (or total expenditure). Ernst  Engel  (1857) made the first attempt to investigate 
Engel curves; he studied how household expenditures on food vary with income. He 
found that food expenditures are an increasing function of income and of family size, but 
that food budget shares decrease with income. The study adopted a nonparametric 
approach to construct curves which are currently called regressograms. Since then much 
of the work on Engel curves involved use of parametric models.  
Cross-section Engel functions have been a major subject of research in applied 
demand analysis. The use of cross-sections from survey data in the estimation of demand 
systems simplifies demand analysis as it assumes constant prices (all households face 
same prices). The relationship between consumption, income and prices is transformed 
into the well known consumption income relationship.  
Classical approaches to estimating cross-sectional Engel curves are based on 
parametric models. Working (1943) proposed the log-linear budget share specification, 
which is known as the Working-Leser model, since Leser (1963) found that this 
functional form fit better than some alternatives. The most common demand system 
specifications such as AIDS, translog, linear expenditure, PIGL, and PIGLOG have been 
favored because of their exact aggregation or representative agent properties, but model 
misspecification is a recurrent theme. Recent studies have focused on Engel curves 
because these are more curvature flexible than the PIGLOG specification, for example 
Hausman et al., (1991); Hausman et al., (1995); Lewbel, (1991); Blundell and Duncan, (1998); and Blundell et al., (1993) find quadratic terms are needed in the model. In any 
parametric model the functional shape of the estimate is already given by assumptions. 
The quality of the resulting estimator depends heavily on the correctness of this 
specification. If the model is misspecified, then inferences and forecasts from such 
models are inadequate.  
The assumption of a fixed parametric functional form embedded in parametric 
methods is relaxed in nonparametric models; consequently, there are no parameters to 
estimate. But parametric properties can be added in a semiparametric framework to arrive 
to a more economic theory consistent specification. In the context of Engel curve 
estimation nonparametric smoothing methods have been applied in a few studies, for 
example, in Bierens and Pott-Butler (1990), Banks et al., (1997), Blundell et al., (1998).  
The basic relationship represented by an Engel curve is that of consumption and 
income. However, the consumption patterns of households also respond to demographic 
characteristics. For example, it is reasonable to expect a family with two children to 
spend more on food than a family with one child. Knowledge of the way income effects 
differ across household types is critical in understanding the impact of tax and welfare 
programs on expenditure patterns (Blundell et al., 1998). In the context of Engel curves 
most empirical studies allow demographic and other household characteristics to enter 
parametrically resulting in semiparametric specification. 
Blundell et al. (1998) estimated Engel curves using a partial linear framework 
developed by Robinson (1988). The study found that under partial linear framework if at 
least one good has shares that are linear in ln x, for example food shares, then introducing 
demographics restricts all demands to have shares linear in ln x. To overcome this 
  2restriction they propose the extended partial linear model which allows the demographics 
to enter the model in an additive way and at the same time allowing for shape invariance 
of Engel curves. Blundell et al. (1998), investigate expenditure shares of couples with one 
child that are supposed to be related by parametric transformations to the expenditure 
shares of couples with two children using the UK data by applying the concept of shape 
invariance. 
The objective of this paper is to estimate Engel curves with an emphasis on 
modeling the demographic characteristics using cross-section data from the 2003 US 
consumer expenditure survey (CES). The study focuses on finding adequate specification 
for the US Engel curves estimation using parametric, nonparametric, and semiparametric 
techniques. Nonparametric kernel regression techniques are used to estimate Engel 
curves. A semiparametric approach is used to pool across groups mainly households with 
one child as reference group and households with two children as the non reference 
group. We also estimate popular parametric specifications to consider as the null against 
the nonparametric and semiparametric alternatives. Model specification tests are 
conducted using the recently developed nonparametric specification test (Ellison and 
Ellison, 2000).  
The rest of the paper is organized as follows. Section two provides a description 
of the empirical model followed by the data and methodology section. Results from the 
empirical analysis are discussed in section four. Finally summary and conclusions are 
presented. 
  3Empirical Model  
  Working (1943) proposed the linear budget share specification, which is known as 
the Working-Leser model, since Leser (1963) found that this functional form fit better 
than some alternatives. We use the basic framework of Working-Leser model which is 
specified as follows: 
wj = aj + bj  l n   x          (1) 
The model underlies the popular Almost Ideal and Translog demand models of Deaton 
and Muellbauer (1980a) and Jorgenson, Lau, and Stoker (1980) which also have the 
Piglog specification in which budget shares are linear in log total expenditure. In our 
empirical analysis the parametric models use the above log linear model and the 
quadratic model includes extra squared term of log expenditure. 
  Blundell et al., (1998) extended partial linear Working-Leser framework which 
they named “extended partial linear model”. The study estimates Engel curves by using 
shape invariance parameter to pool across demographic groups. The shape invariance 
parameter which is also referred to as equivalence scales is estimated in the 
semiparametric framework by minimizing a loss function. The correction for endogeneity 
of total expenditure is also introduced into the model. In our study we use extended 
partial linear framework. The formal representation of extended partial linear model is 
given as 
j j j j j z x g z w ε νρ φ α + + − + = ) ( l n               ( 2 )  
where wj is the expenditure share of the j
th good and x the total household expenditure, z 
represents the demographic variable and v are the residuals obtained from the augmented 
regression of ln x on log income of household. 
  4To adjust for endogeneity the popular augmented regression technique suggested 
by Holly and Sargan (1982) is adopted in the semiparametric framework. Suppose ln x is 
endogenous in model in the sense that 0 ) ln | ( ≠ x E ε . To correct for endogeneity we use 
the two step procedure. The first step involves a regression of log of total expenditure on 
log of income of the household; the residuals obtained from this step are used in the 
second stage. 
v y x + = β ln , with E(v|y) = 0           ( 3 )  
The second step partial linear model is specified using the residuals from the first step as 
the excluded instrumental variable. 
j j j j x g w ε νρ + + = ) ( l n                ( 4 )  
The significance  j ρ parameter confirms the endogeneity while correcting the same. 
Data and Methodology 
We use cross-sectional data derived from 2003 Consumer Expenditure Survey 
(CES) conducted by U.S. Department of Labor (Bureau of Labor Statistics). The data 
selected include observations on households with one or two children under the age of 
eighteen. In order to preserve demographic homogeneity in all other aspects we include 
only married couples. This leaves us with a sample size of 682 including 371 couples 
with one child and 311 couples with two children. Table 1 gives descriptive statistics of 
the sample used in the study. In our application we consider six broad categories of 
goods: food, clothing, alcohol, transportation, recreation, and other goods. 
The linear and quadratic models are estimated using simple ordinary least squares 
(OLS) and used as null against alternatives nonparametric and semiparametric 
specifications. We use the Nadaraya-Watson estimator for estimating the nonparametric 
  5regression. The idea of nonparametric regression is to let the data determine the shape of 
the function to be estimated. Given an underlying data generating function, 
i i i x g Y ε + = ) ( ( ) 0 ( ~ iid ε ), an estimated nonparametric regression curve, , may be 
defined over the data points {Y
) ( i x g
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K(.) is a weakly positive Kernel function, and h is a nonzero bandwidth. The choice of 
the kernel function, K(.), has a minimal affect on the estimate of   (see Hardle, 1993), 
so we choose the triangle kernel for K(.). Cross-validation technique is employed to 
select the optimal bandwidth for each estimated nonparametric regression. The top and 
bottom 2.5% of the data are trimmed to avoid the boundary bias in the estimation of 
nonparametric regression. 
) ( i x g
∧
  The semiparametric approach involves partial linear specification for each of the 
budget share equations 
ij i j i j ij x g z w ε α + + = ) (ln
`               ( 7 )  




i and unknown parameters  . Here we will assume  j α 0 ) ln , | ( = x z E ij ε and 
. Following Robinson (1988), a simple transformation of the  ) ln , ( ) | (
2 x z x z Var j ij σ ε = ln ,
  6model can be used to give an estimator for . Taking expectations of the above 
conditional on ln x, and subtracting from the resulting expression from (7) yields
        ( 8 )  
j α
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The terms and  can be replaced by   and   
nonparametric fitted values respectively. A simple OLS estimator is then applied to the 
residuals obtained to get . To adjust for endogeneity the popular augmented regression 
technique suggested by Holly and Sargan (1982) is used in the semiparametric 
framework. 








  The shape invariance parameter is estimated using a pooling approach. Under the 
pooling approach nonparametric regressions for the two demographic groups (families 
with one child and two children) are assumed to be linked by the parameters (φ ,{ } j α ) 
and follow the shape-invariance specification given by:  
.         ( 9 )  
Hardle and Marron (1990) suggested a simple loss function equal to the integrated 
squared distance between the reference function and the transformed function to estimate 
the parameters. But the approach is valid for fixed design models.  The budget data used 
in the study are suited to random design models because the independent variable, total 
expenditure, is a random variable. We use a slightly more complex function suggested by 
Pinkse and Robinson (1995) for the random design case. The definition of this estimator 
is essentially based on the Nadaraya-Watson estimator.   
dx x w x g j j
xlow j








  7Where , and  , are the kernel density estimates, , and    are the fitted values of the 
nonparametric regressions, and  w(x) is equation specific non-negative weight function. 










φ  and the shift parameters  involves sequential 
gridsearch methods. Robinson's (1988) method is applied to estimate the initial values 
for . Conditional on   a sequential gridsearch method is applied to the loss function 
to estimate the scale parameter
j α
j α j α
φ . The standard errors obtained should be interpreted with 
caution as the distribution of loss function is likely non-normal (Pendakur, 2005). Hence 
we construct bootstrap standard errors for φ  and  through repetition of this gridsearch 
process for 500 bootstrap samples.  
j α
  We use the “wild” bootstrap procedure because of the potential heteroscedastic 
setting. In this case, for each estimated residual  i ε one creates two-point distribution for a 
random variable, say   i υ  = i ε (1- 5 )/2, with probability (prob( i υ ) =(5+ 5 )/10 ) and  i υ = 
i ε (1+ 5 )/2, with probability (prob(5- 5 )/10) (see Yatchew, 2003). The random 
variable  i υ  has propertiesE , , and  . Based on this distribution 
we draw   and build the bootstrap data set. The data set is then used for further analysis 
in the estimation of standard error and the empirical distribution of the loss function.  
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  The empirical distribution of the loss function is developed under the assumption 
of extended partially linear null. The test for shape invariance is conducted using the 
bootstrap critical values for the loss function generated from the bootstrap samples 
(similar to Pendakur, 1999). Finally specification tests are conducted with parametric 
models as null hypothesis and nonparametric and semiparametric specification as the 
  8alternatives. We use the recently developed specification test by Ellison and Ellison 
(2000) which looks at the orthogonality between nonparametric fitted values and 
parametric residuals. 
)] , ( )[ ( / 1
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The test simplifies into a weighted function of the sum of squares of parametric residuals, 
and can be linked to the test proposed by Zheng (1996).         
Empirical Results  
The results from kernel regression are presented in Figures 1 to 6 for the six 
budget shares considered in our study. The figures present unrestricted non-parametric 
Engel curves for the demographic group (couples with one child) which is also our 
reference group and the second group (couples with two children). The triangle kernel is 
used for all the regressions, applying leave-one-out cross-validation methods for 
bandwidth selection to each non-parametric regression. 
The regression curves appear to demonstrate that the Working-Leser linear 
logarithmic (Piglog) formulation is a reasonable choice for some budget share curves (for 
example, food, clothing, and alcohol). For other shares, in particular transportation and 
other goods, a more non-linear relationship between share and log expenditure is evident.  
In Figure 1, for example, we see a broadly parallel shift in the food Engel curve, 
with couples with two children spending more of their budget on food than couples with 
a single child at the same level of total expenditure. For alcohol, on the other hand, Engel 
curves for couples with two children shift down relative to the reference group (see 
Figure 2). There is no strong evidence of demographic variability in clothing, 
  9transportation, and other good shares. The similarity in the shapes across demographic 
characteristic suggests existence of shape invariance. 
  The parametric and semiparametric estimates are reported in Tables 2-7 for each 
of the six share equations. The first column in each of the tables presents results for a 
simple OLS regression of budget share on log expenditure with no semiparametric 
controls. The second column reports results for a model which adjusts for the number of 
children in the household using the partially linear framework of Robinson (1988). The 
estimates of the model that controls for demographics and endogeneity using the partial 
linear framework are presented in third column. The final two specifications relate to the 
shape-invariant generalizations proposed by Blundell et al., (1998). The fourth model 
allows for scale shifts in log expenditure by demographic type using the estimation 
method of Pinkse and Robinson (1995) and the fifth in addition introduces controls for 
endogeneity.  
  In these tables  refers to the simple OLS estimate of the slope coefficient. The 






φ  in the term (ln ) z x φ − and an intercept parameter j α . For the two models in 
column four and five in each of Tables 2 to Table 7 we estimate the parameters (φ ,{ } j α ) 
through minimization of loss function presented in equation (10). 
The estimate of scale parameter common to all six share equations is 0.258, 
giving an estimated equivalence scale of (1.294) for couples with two children compared 
with reference group (couple with one child). This is quite close to the estimates reported 
by the U.S. House of Representatives (1994), Blundell et al (1998) for UK data and 
  10Pendakur (1999) for Canada data. The parameters  specific to each share equation are 
reported in the tables. Having accounted for the scale parameter
j α
φ , we find significant 
shift parameter for food, confirming the initial graphical evidence in Figure 1. We fail to 
reject the null hypothesis of shape invariance for all share equations based on the critical 
values generated from the empirical distribution of the loss function. The critical values 
are obtained from the distribution of loss function generated under the null hypothesis of 
shape invariance and then compared to the value loss function for each share equation.  
The results from tests of the linear and quadratic logarithmic specifications 
against the nonparametric and semiparametric alternatives are reported in bottom two 
rows of Tables 2-7. For majority of the expenditure shares (food, alcohol, clothing, 
recreation, and other shares) in Tables 2-7, in all specifications, we are unable to reject 
linearity. In contrast, for transportation share, the Piglog of Working-Leser form, and 
quadratic specifications are strongly rejected. This result is maintained even after 
controlling for demographic variation and the endogeneity of total expenditure. We also 
find the correction for endogeneity of log total expenditure to be important in most share 
equations, most notably food, transportation and other share. 
Summary and Conclusions 
The objective of this paper was to investigate the shape of Engel curves using 
theoretically consistent and data coherent methods. By choosing a cross section of US 
consumers we have focused on the Engel curve relationship. As a baseline specification 
we have worked with the Working-Leser or Piglog specification in which budget shares 
are expressed in terms of log total expenditure, this being the Engel curve shape 
underlying the popular AIDS and Translog demand models.  
  11We also consider parametric models which have more variety of curvature than is 
permitted by the Piglog. The evidence of quadratic curvature from more recent studies 
(Banks et al., 1997) warrants the need to investigate quadratic specification. 
Consequently we used both the Piglog and quadratic logarithmic specifications as null 
parametric specifications against non-parametric and semiparametric alternatives.  
The shape invariant semiparametric framework proposed by Blundell et al., 
(1998) is estimated using the pooling approach suggested by Pinkse and Robinson 
(1995). To correct for endogeneity Holly and Sargan (1982) augmented regression 
approach is adopted in the semiparametric framework. Income is used to instrument total 
expenditure, correcting for endogeneity is found to have an important impact on the 
curvature of the Engel curve relationship. We fail to reject the assumption of shape 
invariance based on the critical values generated from the empirical distribution of loss 
function. 
Ellison and Ellison (2000) specification test is used to compare the parametric 
specification against the nonparametric and semiparametric alternatives. The results from 
specification tests indicate Working-Leser or Piglog specification was sufficient for most 
budget shares except for transportation where semiparametric specification had support. 
Our study further contributes to the growing evidence on the need for 
investigating specification of model in the empirical analysis of Engel curves. The 
parametric models as evidenced above might not be adequate for all goods. The results 
seem to support the findings from earlier studies using data from other developed nations 
for example Blundell et al., (1998) for UK data and Pendakur (1999) for Canada data. 
  12The relatively close estimate for the equivalence scales of developed nations indicates 
similarities in the consumption patterns. 








































































































































































































































Figure 5. Recreation Engel curves    Figure 6. Other Engel curves 
 
  14Table 1. Descriptive statistics for budget share data 
  Couple with one child  Couple with two children 
Variable  Means Std.  deviations  Means Std.  deviations 
Food  share  0.153 0.073  0.160 0.066 
Alcohol  share  0.005 0.008  0.004 0.007 
Clothing  share  0.031 0.025  0.033 0.029 
Transportation  share 0.187 0.150  0.176 0.150 
Recreation  share  0.049 0.040  0.055 0.051 
Other  share  0.573 0.134  0.568 0.137 
Log  total  expenditure  10.150 0.827  10.195 0.757 
Log total income  10. 551  1.115  10.687  1.017 
Sample  size  371   311  
 
  15Table 2. Parametric and semiparametric estimates: food Engel curves 
0 = φ   258 . 0 = φ (0.047) 














































Loss       0.0002 
[0.0006] 
 
Ho: linear parametric form 
) 1 (
2
EE χ   0.082  0.912 0.362 0.174 0.333 
Ho: quadratic parametric form 
) 1 (
2
EE χ   0.023  0.939 0.127 0.026 0.049 
Notes:      is the estimate obtained from OLS regression. Standard errors are enclosed in () parentheses. 







  16 Table 3. Parametric and semiparametric estimates: alcohol Engel curves 
0 = φ   258 . 0 = φ  (0.047) 














































Loss       8.0E-5 
[0.0001] 
 
Ho: linear parametric form 
) 1 (
2
EE χ   0.006  0.005 0.073 0.133 0.203 
Ho: quadratic parametric form 
) 1 (
2
EE χ   0.038  0.037 0.090 0.154 0.175 
Notes:      is the estimate obtained from OLS regression. Standard errors are enclosed in () parentheses. 







  17Table 4. Parametric and semiparametric estimates: clothing Engel curves 
0 = φ   258 . 0 = φ  (0.047) 














































Loss       7.0E-5 
[0.0002] 
 
Ho: linear parametric form 
) 1 (
2
EE χ   0.699  0.716 0.647 0.819 0.776 
Ho: quadratic parametric form 
) 1 (
2
EE χ   0.833  0.835 0.831 0.866 0.867 
Notes:      is the estimate obtained from OLS regression. Standard errors are enclosed in () parentheses. 







  18Table 5. Parametric and semiparametric estimates: transportation Engel curves 
0 = φ   258 . 0 = φ  (0.047) 














































Loss       0.0014 
[0.0023] 
 
Ho: linear parametric form 
) 1 (
2
EE χ   12.814  12.460 21.174 11.356  6.136 
Ho: quadratic parametric form 
) 1 (
2
EE χ   9.424  9.492  19.934 6.553 6.150 
Notes:      is the estimate obtained from OLS regression. Standard errors are enclosed in () parentheses. 








  19Table 6. Parametric and semiparametric estimates: recreation Engel curves 
0 = φ   258 . 0 = φ  (0.047) 














































Loss       0.0014 
[0.0031] 
 
Ho: linear parametric form 
) 1 (
2
EE χ   0.070  0.151 0.203 0.042 0.066 
Ho: quadratic parametric form 
) 1 (
2
EE χ   0.104  0.066 0.066 0.060 0.061 
Notes:      is the estimate obtained from OLS regression. Standard errors are enclosed in () parentheses. 







  20Table 7. Parametric and semiparametric estimates: other Engel curves 
0 = φ   258 . 0 = φ  (0.047) 














































Loss       0.0016 
[0.0043] 
 
Ho: linear parametric form 
) 1 (
2
EE χ   1.359  1.366 0.756 2.468 1.844 
Ho: quadratic parametric form 
) 1 (
2
EE χ   0.623  0.630 0.513 0.574 0.529 
Notes:      is the estimate obtained from OLS regression. Standard errors are enclosed in () parentheses. 
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